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Problem 1.45

Evaluate the following integrals:

(a)
� 2
−2(2x+ 3) δ(3x) dx.

(b)
� 2
0 (x

3 + 3x+ 2) δ(1− x) dx.

(c)
� 1
−1 9x

2δ(3x+ 1) dx.

(d)
� a
−∞ δ(x− b) dx.

Solution

The delta function has several properties.

(1)

� b

a
f(x)δ(x− c) dx =

0 if c /∈ (a, b)

f(c) if c ∈ (a, b)

(2) δ(kx) =
1

|k|
δ(x)

(3) δ(x) =
dθ

dx
, where θ(x) =

0 if x ≤ 0

1 if x > 0

Use them to evaluate the integrals.

� 2

−2
(2x+ 3)δ(3x) dx =

� 2

−2
(2x+ 3)

[
1

|3|
δ(x)

]
dx

=

� 2

−2

2x+ 3

3
δ(x− 0) dx

=
2x+ 3

3

∣∣∣∣
x=0

= 1

� 2

0
(x3 + 3x+ 2)δ(1− x) dx =

� 2

0
(x3 + 3x+ 2)

[
1

|−1|
δ(x− 1)

]
dx

=

� 2

0
(x3 + 3x+ 2)δ(x− 1) dx

= (x3 + 3x+ 2)

∣∣∣∣
x=1

= 1 + 3 + 2

= 6
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Evaluate the remaining integrals.

� 1

−1
9x2δ(3x+ 1) dx =

� 1

−1
9x2

[
1

|3|
δ

(
x+

1

3

)]
dx

=

� 1

−1
3x2δ

(
x+

1

3

)
dx

= (3x2)

∣∣∣∣
x=−1/3

= 3

(
−1

3

)2

=
1

3

� a

−∞
δ(x− b) dx =

� a−b

−∞
δ(u) du

=

� a−b

−∞

dθ

du
du

= θ(a− b)− θ(−∞)︸ ︷︷ ︸
= 0

=

0 if a− b ≤ 0

1 if a− b > 0
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